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POLISH GLOBALIZATION OF POLISH GROUP PARTIAL ACTIONS
H. PINEDO AND C. UZCA´TEGUI
Abstract. Let X be a separable metrizable space. We establish a criteria for the existence of a
metrizable globalization for a given continuous partial action of a separable metrizable group G on
X. If G and X are Polish spaces, we show that the globalization is also a Polish space. We also show
the existence of an universal globalization for partial actions of Polish groups.
1. Introduction
Given an action a : G × Y → Y of a group G over a set Y and an invariant subset X of Y
(i.e. a(g, x) ∈ X, for all x ∈ X and g ∈ G), the restriction of a to G × X is an action of G over
X. However, if X is not invariant, we get what is called a partial action on X: a collection of
partial maps {mg}g∈G on X satisfying m1 = idX and mg ◦ mh ⊆ mgh, for all g, h ∈ G. Partial
actions were introduced by R. Exel [5, 8] as an efficient tool for studying C∗-algebras generated
by partial isometries in a Hilbert space, this lead to the characterizations of various important
classes of C∗-algebras as crossed products by partial actions. For instance, the Bunce-Deddens
and the Bunce-Deddens-Toeplitz algebras [6], the approximately finite dimensional algebras [7],
the Toeplitz algebras of quasi-ordered groups, as the Cuntz-Krieger algebras [9, 17], as well as
Leavitt-Path algebras [12, 13] (see also [3]).
A natural question is whether a partial action can be realized as restrictions of a corresponding
collection of total maps on some superspace. In the topological context, this problem was studied
by Abadie [1] and independently by J. Kellendonk and M. Lawson [15]. They showed that for any
continuous partial action m of a topological group G on a topological space X, there is a topological
space Y and a continuous action a of G on Y such that X is a subspace of Y and m is the restriction
of a to X. Such a space Y is called a globalization of X. They also show that there is a minimal
globalization XG called the enveloping space of X.
In general XG is not even Hausdorff. In [10] the authors shows that the enveloping space of a
partial action of a countable group on compact metric spaces is Hausdorf iff the domain of each
mg is clopen for all g ∈ G. In [16] an approach based on the notion of confluent partial actions is
presented. Likewise in [18], it was proven that the globalization of a partial action on a connected
2-complex may result in a complex which is not connected, in particular, the enveloping space of X
does not inherit its structure. So a natural problem is to know which properties of X are preserved
by XG.
One of the purposes of this article is to study the metrizability of XG. We will show that under
some conditions (essentially one that guarantees that XG is Hausdorff) XG is metrizable when G
and X are separable metrizable and is Polish when X and G are Polish (see Theorem 4.7). This
result was known for a countable discrete group acting partially on the Cantor space [10]. Our
proof uses a generalization to the context of partial actions of a theorem of Mackey-Hjorth about
extensions of Polish group actions (see Theorem 4.6) and the fact that XG is equal to a quotient
space by an orbit equivalence relation (see Theorem 3.3).
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Actions of Polish groups have received a lot of attention in recent years, because of its connection
with many areas of mathematics (see [2, 11] and the references therein). A particularly interesting
feature of Polish group actions is the existence of a universal one. Becker and Kechris [2] have
shown that for every Polish group G there is Polish G-space UG such that for every Polish G-space
X, there is a (necessarily invariant) set Y ⊆ UG such that X and Y are Borel isomorphic as G-spaces.
Since, under suitable conditions, XG is Polish when X and G are Polish, we conclude that UG is a
universal globalization for partial actions of G on Polish spaces. In Section §5 we will explore these
ideas in the context of partial actions of a countable discrete group.
2. Terminology
We start by recalling some basic notions on descriptive set theory, which can be found in [14].
A Polish space (group) is a separable, completely metrizable topological space (group). A subset
of a Polish space is Borel, if it belongs to the σ-algebra generated by the open sets. A function
f : Y → X is Borel measurable if f−1(U) is Borel in Y, for any open set U in X. If f is bijective,
Borel measurable and f−1 is also Borel measurable, then f is called a Borel isomorphism.
Let G be a group with identity 1, X a set. Consider a partially defined function m : G × X →
X, (g, x) 7→ m(g, x) = g · x ∈ X. For convenience, we shall write ∃g · x to mean that (g, x) belongs
to the domain of m. Then, following [15], m is called a (set theoretic) partial action of G on X, if
for all g, h ∈ G and x ∈ X the following assertions hold:
(PA1) ∃g · x implies ∃g−1 · (g · x) and g−1 · (g · x) = x,
(PA2) ∃g · (h · x) implies ∃(gh) · x and g · (h · x) = (gh) · x,
(PA3) ∃1 · x, and 1 · x = x.
We fix the following notations.
• G ∗ X = {(g, x) ∈ G× X | ∃g · x}, the domain of m.
• Xg−1 = {x ∈ X | ∃g · x}, and mg : Xg−1 ∋ x 7→ g · x ∈ Xg.
• Gy = {g ∈ G | ∃g · y}.
• For U ⊆ X, the set G · U = {g · u | g ∈ Gu, u ∈ U} is called the saturation of U.
A partial action m : G ∗X → X induces a family of bijections {mg : Xg−1 → Xg}g∈G, and we denote
m = {mg : Xg−1 → Xg}g∈G. We remind the next.
Proposition 2.1. [17, Lemma 1.2] A partial action m of G on X is a family m = {mg : Xg−1 →
Xg}g∈G, where Xg ⊆ X, mg : Xg−1 → Xg is bijective, for all g ∈ G, and such that:
(i) X1 = X and m1 = idX;
(ii) mg(Xg−1 ∩Xh) = Xg ∩ Xgh;
(iii) mgmh : Xh−1 ∩ Xh−1g−1 → Xg ∩ Xgh, and mgmh = mgh in Xh−1 ∩ Xg−1h−1 ;
for all g, h ∈ G.
The following are two natural examples of partial actions that will be used later in the paper.
Example 2.2. Induced partial action: Let u : G× Y → Y be an action of G on Y and X ⊆ Y.
For g ∈ G, set Xg = X ∩ ug(X) and let mg be the restriction of ug to Xg−1 . Then m : G ∗ X ∋
(g, x) 7→ mg(x) ∈ X is a partial action of G on X. In this case we say that m is induced by u.
Example 2.3. Let m be a partial action of G on X, then the family mˆ = {mˆg : (G × X)g−1 →
(G×X)g}g∈G, is a partial action of G on G×X, where (G×X)g = G×Xg and mˆg(h, x) = (hg
−1, g·x),
for any g ∈ G and (h, x) ∈ (G× X)g−1 .
From now on G will denote a topological group and X a topological space. We consider G × X
with the product topology and G ∗ X with the subspace topology. Moreover, m : G ∗ X → X will
denote a partial action.
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Definition 2.4. A topological partial action of G on X is a partial action m = {mg : Xg−1 → Xg}g∈G
on the underlying set X, such that each Xg is open in X, and each mg is a homeomorphism, for
each g ∈ G. If m : G ∗ X→ X is continuous, we say that the partial action is continuous.
Now we introduce the concept of a globalization of a partial action and its enveloping space.
Following [1, (3) Definition 1.1] we give the next.
Definition 2.5. Let m = {mg : Xg−1 → Xg}g∈G, θ = {θg : Yg−1 → Yg}g∈G be topological partial
actions of G on the spaces X and Y respectively. A morphism φ : m → θ consists of a continuous
map φ : X→ Y such that φ(Xg) ⊆ Yg and the square
(2.1)
Xg−1
mg
−−−−→ Xgyφ
yφ
Yg−1
θg
−−−−→ Yg.
is commutative, for all g ∈ G.
The category TopPar(G) has as objects the class of topological partial actions and morphisms
described as above. We say that m is equivalent to θ if there is an isomorphism between m and θ.
A globalization of a m is a pair {(β,Y), ι}, where β is an action on a space Y and ι : X→ Y is an
injection such that m is equivalent to β ↾ ι(X). A globalization {(β,Y), ι} of m is said to be minimal
if for any globalization {(β′,Y′), ι′)} of m, there exists a continuous monomorphism λ : β → β′ in
TopPar(G).
It was shown independently by Abadie [1, Theorem 1.1] and J. Kellendonk and M. Lawson [15,
Theorem 3.4], that any topological partial action of G on X has a minimal globalization, which is
denoted by XG, and called the enveloping space. We recall their construction.
Let m be a topological partial action of G on X. Consider the following equivalence relation on
G× X.
(2.2) (g, x)R(h, y) ⇐⇒ x ∈ Xg−1h and mh−1g(x) = y,
and denote by [g, x] the equivalence class of the pair (g, x). The enveloping space of X is the set
XG = (G× X)/R endowed with the quotient topology, so the quotient map
(2.3) q : G×X ∋ (g, x)→ [g, x] ∈ XG
is continuous and open (see [15, Proposition 3.9 (ii)]). Now let ι : X ∋ x 7→ [1, x] ∈ XG.
Then m is equivalent to a partial action induced by the action µ : G×XG ∋ (g, [h, x]) → [gh, x] ∈
XG on ι(X). The map µ is called the enveloping action.
The following is the basic result about the enveloping space.
Theorem 2.6. [1, Theorem 1.1] and [15, Theorem 3.12]. Let m be a continuous partial action of
G on X. Then
(1) ι : X→ ι(X) is a homeomorphism.
(2) m is equivalent to the partial action induced on ι(X) by the global action µ.
Remark 2.7. Let m = {mg : Xg−1 → Xg}g∈G, and θ = {mg : Yg−1 → Yg}g∈G be objects in Top-
Par(G). If m is equivalent to θ, then the enveloping spaces XG and YG are homeomorphic. Indeed,
let φ : m→ θ be an isomorphism in TopPar(G). Then the map φ : X→ Y is an homeomorphism.
Moreover, follows from (2.1), that map XG ∋ [g, x] 7→ [g, φ(x)] ∈ YG is well defined and continuous,
thus it is a homeomorphism.
Remark 2.8. There is a monomorphism m→ mˆ in TopPar(G). Indeed, let j : X ∋ x 7→ (1, x) ∈
G×X, then j is a continuous injection. Moreover, by the definition of mˆ we have that (G×X)g =
3
G×Xg, and j(Xg) ⊆ G×Xg, or any g ∈ G. It is not difficult to see that diagram (2.1) commutes.
We also remark that in general, m and mˆ are not isomorphic. For instance, if G = Z and X is the
Cantor set, then G×X is not homeomorphic to X because it is not compact.
3. The enveloping space and the orbit equivalence relation
In this section we show the enveloping space XG is homeomorphic to a quotient of G×X respect
to the orbit equivalence relation given by a partial action of G on G × X. We will use that result
in the next section to study the metrizability of XG.
Definition 3.1. Let m be a topological partial action of G on X. The orbit equivalence relation EpG
on X is given by
xEpGy ⇐⇒ ∃ g ∈ G (g · x is defined and g · x = y).
The set X/EpG is endowed with the quotient topology. Thus the quotient map
(3.1) piX : X ∋ x 7→ [x] ∈ X/E
p
G
is continuous.
Lemma 3.2. Let m = {mg : Xg−1 → Xg}g∈G be a topological partial action of G on X. Then piX is
open.
Proof. Let U be an open set of X, then
piX
−1(piX(U)) = {x ∈ X | [x] = [u], for some u ∈ U}
= {x ∈ X | x = g · u, for some u ∈ U and g ∈ Gu}
=
⋃
g∈G
mg(U ∩ Xg−1),
then piX(U) is open in X/E
p
G. 
In Example 2.3 we introduced a partial action m̂ of G on G×X associated to the partial action
m. We denote by ÊpG the orbit equivalence relation induced by mˆ. The following result shows that
XG can be described as a quotient space by an orbit equivalence relation.
Theorem 3.3. Let m be a topological partial action of a group G on a space X. Then XG is the
quotient space of G× X by ÊpG.
Proof. Notice that
(g, x)R(h, y) ⇐⇒ x ∈ Xg−1h and mh−1g(x) = y
⇐⇒ ∃f ∈ G (f · x = y and gf−1 = h)
⇐⇒ ∃f ∈ G (f · (g, x) = y and gf−1 = h)
⇐⇒ (g, x)ÊpG(h, y).

It is known that, in general, XG is not Hausdorff (see for instance [1, Example 1.4]). Now we
present some results about this problem. The following is probably known but we give its proof for
the sake of completeness.
Lemma 3.4. Let X be a Hausdorff space and ρ an equivalence relation on X such that the quotient
map f : X→ X/ρ is open. Then X/ρ is Hausdorff, if and only if, ρ is closed in X× X.
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Proof. Suppose that ρ is closed in X × X, and take x, y ∈ X non equivalent points under ρ, i.e.
(x, y) /∈ ρ. Since ρ is closed and X×X has the product topology, there exist basic open sets U, V in X
such that (x, y) ∈ U×V and (U×V )∩ρ = ∅. Then f(x) ∈ f(U), f(y) ∈ f(V ) and f(U)∩f(V ) = ∅.
Since f is open, then X/ρ is Hausdorff.
Conversely, if u, v ∈ X are not ρ-equivalent, then f(x) 6= f(y) and there are open sets Ou and
Ov in X/ρ that separate f(x) and f(y), let U = f
−1(Ou) and V = f
−1(Ov), then (u, v) ∈ U × V
and (U × V ) ∩ ρ = ∅, which implies that ρ is closed as desired. 
Lemma 3.5. Let m be a topological partial action of a metric topological group G on a metric
space X. If G ∗X is closed, then ÊpG is closed and consequently XG is Hausdorff.
Proof. Let (gn, xn)Ê
p
G(hn, yn) such that gn → g, hn → h, xn → x and yn → y. We will show
that (g, x)EˆpG(h, y). By definition of Ê
p
G, for each n ∈ N, there is un ∈ G such that gnu
−1
n = hn,
xn ∈ Xu−1n and un ·xn = yn. Let u = h
−1g, then un → u. Since G∗X is closed and (un, xn) ∈ G∗X,
one has that (u, x) ∈ G ∗X. Therefore x ∈ Xu−1 , gu
−1 = h and u · x = y. Hence (g, x)ÊpG(h, y) and
ÊpG is closed, finally by Lemmas 3.2 and 3.4, the space XG is Hausdorff. 
Notice that by the definition of a topological partial action, each Xg is open, therefore when G∗X
is closed, then they are actually clopen. This condition was already used in [10, Proposition 2.1]
(see also [1, Proposition 1.2]), where it was shown that for X the Cantor space and G a countable
discrete group, XG is Hausdorff if, and only if, each Xg is clopen.
4. Metrizability of XG
Now we will address the question of when XG is metrizable or Polish. We start with the following
result.
Theorem 4.1. Let m be a topological partial action of a separable metrizable group G on a separable
metrizable space X. Then the following assertions are equivalent.
(1) XG is metrizable.
(2) XG is regular and T1.
Moreover, if G and X are Polish, then any of those conditions are equivalent to XG being Polish.
Proof. It is clear that (1)⇒ (2). To see that (2)⇒ (1), notice that in this case XG is separable and
second countable, because the quotient map q : G × X → XG is open ([15, (ii) Proposition 3.9]).
Therefore, by Urishon’s metrization Theorem, XG is metrizable. It remains to prove that if X and
G are Polish and XG is metrizable, then XG is Polish. A classic theorem of Sierpinski says that
any metrizable space which is the continuous and open image of a Polish space is also Polish (for a
proof see [11, Theorem 2.2.9]). This is the case of XG, as the quotient map is open and a product
of Polish spaces is also Polish. 
By Lemma 3.5 we know that XG is Hausdorff when G ∗ X is closed. Now we will address the
question of the regularity of XG. We will use a generalization of a theorem of Mackey-Hjorth. We
state their result.
Theorem 4.2. (Mackey-Hjorth) [2, Theorem 2.3.5] Let H be a Polish group and G ⊆ H a closed
subgroup of H. Let X be a Polish G-space with an action a(g, x). Then there is a Polish H-space
Y with an action b(h, y) such that X is closed in Y and a(g, x) = b(g, x), for x ∈ X and g ∈ G.
Although we only need a particular case (namely, H = G) we present it in a general form to
stress the connection between globalizations of partial actions and extensions of group actions.
First, we prove some auxiliary results.
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Lemma 4.3. If m is a topological partial action, then m is open.
Proof. Since mg : Xg−1 → Xg is a homeomorphism for all g ∈ G, then for any open set U ⊆ Xg−1 ,
the set g · U = mg(U) is also open. Now we check that m is open. Let W ⊆ G ∗ X be an open
set, then there are families {Ai}i∈I and {Wi}i∈I of open sets in G and X respectively, such that
W =
⋃
i∈I
(G ∗X) ∩ (Ai×Wi). For i ∈ I, one has
m((G ∗ X) ∩ (Ai×Wi)) =
⋃
g∈Ai
g · (Wi ∩Xg−1)
which is open in X. We conclude that m is open. 
Lemma 4.4. Let m be a continuous partial action of G on X such that G ∗ X is open. For each
M ⊆ G, set XM =
⋂
g∈M Xg−1 . Then for any open neighborhood N of 1 and any x ∈ X, there is
an open neighborhood M of 1 such that M ⊆ N and x ∈ int(XM), the interior of XM .
Proof. Let N be an open neighborhood of 1 and x ∈ X. Since G ∗ X is open and m is continuous
at (1, x), there are an open set V of X with x ∈ V and an open neighborhood M of 1 such that
M ⊆ N and M × V ⊆ G ∗X. Then (g, y) ∈ G ∗X for all g ∈M and y ∈ V . Therefore y ∈ Xg−1 for
all g ∈M and y ∈ V . Hence x ∈ V ⊆ XM and x ∈ int(XM). 
Now we introduce a partial action similar to mˆ.
Example 4.5. Let H be a group, G be a subgroup of H and m be a partial action of G on X.
Then the family mˆH = {mˆHg : (H × X)g−1 → (H × X)g}g∈G, is a partial action of G on H × X,
where (H ×X)g = H ×Xg and mˆ
H
g (h, x) = (hg
−1, g · x), for any g ∈ G and (h, x) ∈ (H ×X)g−1 . In
particular, if H = G, then mˆH = mˆ.
Now we show the main ingredient for the metrizability of XG. Recall that by Lemma 3.2 and
Lemma 3.4, XG is Hausdorff iff Ê
p
G is closed.
Theorem 4.6. Let G and H be topological groups with G ⊆ H and X a topological regular space.
Suppose that m is a continuous partial action of G on X such that G ∗ X is open. Let mˆH be the
partial action of G on H ×X given in Example 4.5. Then (H ×X)/ÊpH is regular under any of the
following conditions:
(1) Xg is closed, for all g ∈ G.
(2) X is a locally compact metric space and ÊpG is closed in (G× X)
2.
(3) X is compact Hausdorff and ÊpG is closed in (G× X)
2.
Proof. We first show that (3) implies that every Xg is closed, for each g ∈ G, and thus we are in
case (1). Let g ∈ G and x ∈ Xcg. Then for any y ∈ X the pair ((1, x), (g
−1, y)) is not in ÊpG, and
there are open sets Ny,My of G and Vy,Wy of X such that (1, x) ∈ Ny × Vy, (g
−1, y) ∈ My ×Wy
and ((Ny × Vy) × (My × Wy)) ∩ Ê
p
G = ∅. Since X is compact, there exist y1, . . . , yn ∈ X such
that X =
⋃n
i=1Wyi . Consider the open set V =
⋂n
i=1 Vyi . Then x ∈ V and we shall prove that
V ⊆ Xcg. Indeed, if z ∈ V ∩ Xg, then there is i0 ∈ {1, . . . , n} such that that ((1, z), (g
−1 , g−1 · z)) ∈
((Nyi0 × Vyi0 ) × (Myi0 ×Wyi0 )) ∩ Ê
p
G, which is a contradiction. From this we conclude that X
c
g is
open, for every g ∈ G.
Now we consider cases (1) and (2). Let F ⊆ H ×X be a mˆH -invariant closed set and (h, x) /∈ F.
It suffices to find a mˆH -invariant open set O1 containing (h, x) and an open set O2 containing F
such that O1 ∩O2 = ∅. Since F is mˆ
H -invariant and closed, we can fix V an open subset of X with
x ∈ V and an open neighborhood N ⊆ H of the identity such that
(4.1) G · (hN × V ) ∩ F = ∅.
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By Lemma 4.4, there is an open neighborhood of the identity M ⊆ N such that x ∈ int(XM∩G).
So we assume that N = M . Since G ∗ X is open in G × X, then Gx is open in G. As 1 ∈ Gx and
m is continuous at (1, x), there are open sets N1 and V1 such that 1 ∈ N1, x ∈ V1, and
(4.2) N21 ∩G ⊆ N ∩G
x and m(N2
1
× V1 ∩G ∗X) ⊆ V.
Let N2 ⊆ H be a symmetric open set containing 1 such that h
−1N2
2
h ⊆ N1, in particular
h−1N2h ⊆ N1. Notice also that X
N∩G ⊆ XN
2
1
∩G and hence x ∈ int(XN
2
1
∩G).
Define O1 = G · (N2h× (V1 ∩ int(X
N2
1
∩G)), then (h, x) ∈ O1 and O1 is an invariant open set (as
mˆ is open by Lemma 4.3). Let (l, y) ∈ F. We need to find an open set O2 with (l, y) ∈ O2 and
O1 ∩ O2 = ∅. We consider two cases:
Case 1: lG ∩ hN1 = ∅. First we claim that N2h ∩ N2lG = ∅. Otherwise, there are b ∈ G,
p, q ∈ N2 such that plb = qh. Then lb ∈ N
2
2
h ⊆ hN1 which contradicts our assumption. Now we
claim that O2 = N2l×X works. Indeed, suppose O1∩O2 6= ∅. Then there are v ∈ V1∩ int(X
N2
1
∩G),
a ∈ Gv , p, q ∈ N2 such that pha
−1 = ql, which contradicts that N2h ∩N2lG = ∅.
Case 2: lG ∩ hN1 6= ∅. Let g ∈ G and r ∈ N1 such that lg
−1 = hr.
Subcase 2a: g ∈ Gy. Then g · (l, y) ∈ F and g · (l, y) /∈ hN × V, thanks to (4.1). Since
lg−1 = hr ∈ hN, one gets that g · y /∈ V. Thus, by (4.2), there exists an open neighborhood U
of g · y with U ∩ m(N2
1
× V1 ∩ G ∗ X) = ∅. The open set O2 = hN1g × mg−1(U ∩ Xg) contains
(l, y) and we claim it is disjoint from O1. If O1 ∩ O2 6= ∅, then there exist v ∈ V1 ∩ int(X
N2
1
∩G),
u ∈ U ∩ Xg, p ∈ N2 and a ∈ G
v such that pha−1 ∈ hN1g and a · v = g
−1 · u. In particular
u = g · (a · v) = (ga) · v = m(ga, v),
where the first equality is (PA1) and the second one is a consequence of (PA2). Since N2 is
symmetric, we get that ga ∈ N1h
−1N2h ⊆ N
2
1
. Then, u ∈ U ∩m(N2
1
× V1 ∩G ∗X) = ∅, which is a
contradiction.
Subcase 2b g ∈ G \Gy. Then y ∈ Xc
g−1
. We treat (1) and (2) separately.
(1) Suppose that Xg−1 is clopen, so it suffices to show that O2 = hN1g × X
c
g−1
is disjoint from
O1. Otherwise, as in the previous case, there are v ∈ V1 ∩ int(X
N2
1
∩G), a ∈ Gv and p ∈ N2 such
that pha−1 ∈ hN1g, and a · v /∈ Xg−1 . As before, we get that ga ∈ N
2
1
. Thus a ∈ g−1N2
1
. Let
n1 ∈ N
2
1
be such that a = g−1n1. Notice that n1 ∈ G as a, g ∈ G and G is a group. Since
v ∈ XN2
1
∩G ∩ Xa−1 ⊆ Xn−1
1
∩ Xn
−1
1
g it follows by Proposition 2.1 (ii) that n1 · v ∈ Xn1 ∩ Xg. Hence
a · v ∈ Xg−1 , which is a contradiction.
(2) Suppose X is a locally compact metric space and ÊpG is closed. We claim that there is an
open set W such that y ∈ W and g · (W ∩ Xg−1) ∩ V = ∅. Suppose not and let {Wi}i be an open
local base for y. Then for each i, there is yi ∈ W ∩ Xg−1 such that g · yi ∈ V . As V is compact,
we assume w.l.o.g. that g · yi converges to some point z ∈ V . Then (1, yi)Eˆ
p
H(g
−1, g · yi), for all i.
Since EˆpH is closed, we get that (1, y)Eˆ
p
H (g
−1, z), therefore g ∈ Gy, which is a contradiction.
Let W be as in the previous claim and O2 = hN1g ×W . It suffices to show that O1 and O2
are disjoint. Otherwise, as in case (1), there are v ∈ V1 ∩ int(X
N2
1
∩G), a ∈ Gv and p ∈ N2 such
that pha−1 ∈ hN1g, and a · v ∈ W. As before, we get that ga ∈ N
2
1
. Take n1 ∈ N
2
1
such that
a = g−1n1, then n1 ∈ G. Since v ∈ X
N2
1
∩G ∩Xa−1 ⊆ Xn−1
1
∩X
n−1
1
g
it follows by Proposition 2.1 (ii)
that n1 · v ∈ Xn1 ∩ Xg. Hence a · v ∈ Xg−1 and g · (a · v) = n1 · v ∈ V by (4.2). Which contradicts
the choice of W . 
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If in the previous theorem m is a global action, then (H×X)/EˆpH is the space Y mentioned in the
conclusion of Theorem 4.2. On the other hand, if H = G we get, by Theorem 3.3, the enveloping
space XG.
Finally, we have the main result of the paper.
Theorem 4.7. Letm be a continuous partial action of a separable metrizable group G on a separable
metrizable space X, then XG is metrizable under any of the following conditions: G ∗ X is clopen
or X is locally compact and ÊpG is closed. If in addition, G and X are Polish, then XG is Polish.
Proof. By letting H = G in Theorem 4.6, then (G × X)/ÊpG is XG (by Theorem 3.3) and the
conclusion follows from Lemma 3.5 and Theorem 4.1. 
The following example shows that, in general, XG is not necessarely Hausdorff even when G is
Polish, X is a compact Polish space and G ∗ X open.
Example 4.8. Consider the partial action of the discrete group Z on X = [0, 1] given by m0 = idX,
mn = idV, for n 6= 0, and V = (0, 1]. Notice that
Z ∗ X =
⋃
n∈Z
{n} ∗X = {0} ∗X ∪
⋃
n∈Z
n6=0
{n} ∗ X = {0} × X ∪
⋃
n∈Z
n6=0
{n} × V,
is open in Z × X. Since V is not closed in X, we have by [10, Proposition 1.2] that XZ is not
Hausdorff. In fact, it is easy to verify that the equivalence classes of the form [(n, 0)] cannot be
separated by open sets. One may also notice that points in XZ are closed, so XZ is T1.
5. A universal globalization for partial actions
Becker and Kechris [2, Theorems 2.6.1, 5.2.1] have shown that for every Polish group G there
is Polish space UG and an action of G on UG which is universal, that is, for every Polish space
X and any action of G on X there is a (necessarily invariant) set Y ⊆ UG such that X and Y are
Borel isomorphic as G-spaces. In particular, given a continuous partial action m of G over X, with
G ∗ X clopen in G × X, since the space XG is Polish (Theorem 4.7), XG is Borel isomorphic to a
restriction of UG. Therefore there is Y ⊆ UG (which is now not necessarily invariant) such that m
is Borel isomorphic to the G action on UG restricted to Y. In this section we explore those ideas in
the context of partial actions of discrete countable groups following the presentation given in [2].
If the function φ in Definition 2.5 is bijective and algebraically an isomorphism but is just
Borel measurable rather than continuous, we will say that the partial actions m and θ are Borel
isomorphic.
Let G be a discrete group. By the usual identification of a set with its characteristic function,
we may see the collection of all subsets of G as {0, 1}G with the product topology. A natural action
of G on {0, 1}G is given by
G× {0, 1}G ∋ (g, F ) 7→ g · F = {gh : h ∈ F} ∈ {0, 1}G.
It is easy to verify such an action is continuous. Now consider the countable product ({0, 1}G)N
with the product topology and the pointwise product global action θ, more specifically,
θ : G× ({0, 1}G)N ∋ [(g, (Fn)n)]→ (g · Fn)n ∈ ({0, 1}
G)N.
It is easy to see that θ is a continuous action.
With the notations above we have.
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Theorem 5.1. Let m be a continuous partial action of a countable discrete group G on a Polish
space X such that Xg is clopen, for all g ∈ G. Then there is a Borel measurable embedding pi :
X→ ({0, 1}G)N such that m and θ ↾ pi[X] are Borel isomorphic, where θ ↾ pi[X] denotes the induced
partial action of θ on pi[X]. In particular, XG is Borel isomorphic to G ·pi[X], the saturation of pi[X]
inside ({0, 1}G)N.
We need the following
Lemma 5.2. Let m be a partial action of a group G on a set X. Then for any g ∈ G and x ∈ Xg
we have Gxg = Gg
−1
·x.
Proof. Take h ∈ Gx, then ∃h·x and by (PA1) ∃h·[g ·(g−1 ·x)], and (PA2) implies that ∃(hg)·(g−1 ·x),
thus Gxg ⊆ Gg
−1
·x. Conversely, for u ∈ Gg
−1
·x one has that ∃u · (g−1 · x) and by (PA2) ∃(ug−1) · x,
from this we have that u = (ug−1)g, with ug−1 ∈ Gx. 
Proof of Theorem 5.1: Let (Vn)n be a countable base for X and consider the following maps
pin : X→ {0, 1}
G
pin(x) = {h
−1 : h ∈ Gx & h · x ∈ Vn}.
Let pi(x) = (pin(x))n. We claim pi is the required embedding. To see that each pin is continuous, let
h ∈ G and n ∈ N, then {x ∈ X : h ∈ pin(x)} = {x ∈ Xh−1 : h · x ∈ Vn} is open as h is continuous.
Similarly, {x ∈ X : h 6∈ pin(x)} is closed. Therefore pi is continuous.
To see that pi is injective, let x, y ∈ X, x 6= y and n ∈ N such that x ∈ Vn and y /∈ Vn. Then
1 ∈ pin(x)\pin(y). Since X is Polish and pi is Borel measurable and injective, then pi[X] is Borel and
pi is a Borel isomorphism between X and pi[X] (see [14, Corollary 15.2]).
Now we will show that pi and its inverse are morphisms. Let g ∈ G and x ∈ Xg−1 we will prove
that pi(g · x) = g · pi(x), that is, pin(g · x) = g · pin(x), for all n ∈ N. By Lemma 5.2, h ∈ G
g·x
iff h ∈ Gxg−1 iff h−1 = gj−1, for some j ∈ Gx. Also, h · (g · x) ∈ Vn iff j · x ∈ Vn. To show
that the inverse of pi is also a morphism, it suffices to see that given x, y ∈ X and g ∈ G such
that θ(g, pi(x)) = pi(y), then (g, x) ∈ G ∗ X. In fact, let Gxn = {h ∈ G
x : h · x ∈ Vn}. Since
θ(g, pi(x)) = pi(y), then gpin(x) = pin(y) for all n ∈ N. That is to say, g(G
x
n)
−1 = (Gyn)−1 for all
n ∈ N. Thus, Gxn = (G
y
n)g for each n ∈ N. It is clear that Gz =
⋃
nG
z
n for all z ∈ X. Therefore,
Gx = Gyg. Since 1 ∈ Gy, then g ∈ Gx and we are done.
Finally, we show that XG is Borel isomorphic to G · pi[X]. Since G has the discrete topology
and each Xg is clopen, then G ∗ X is clopen. Consider the map F : XG → G · pi[X] given by
F ([g, x]) = g · pi(x). Then F is a continuous bijection. Since by Theorem 4.7 XG is Polish, then as
before we conclude that F is a Borel isomorphism. 
There is a particular case where we can show that a Polish space with a continuous partial action
is in fact isomorphic to a restriction of {0, 1}G.
A collection {Aj}j of subsets of X separates points, if for all x, y ∈ X with x 6= y, there is j such
that x ∈ Aj and y 6∈ Aj or x 6∈ Aj and y ∈ Aj .
Theorem 5.3. Let m be a continuous partial action of a countable discrete group G on a Polish
space X such that Xg is clopen for all g ∈ G. Suppose that {Xg}g separates points, then there is a
Borel measurable embedding pi : X→ {0, 1}G such that m is Borel isomorphic to θ1 ↾ pi[X], where θ1
is the global action on {0, 1}G given by θ1(g, F ) = gF, for all F ∈ {0, 1}
G and g ∈ G. In particular,
XG is Borel isomorphic to the saturation of pi[X] inside {0, 1}
G.
Proof. Consider the following map pi : X → {0, 1}G, pi(x) = {h−1 : h ∈ Gx}. To see that pi is
injective, let x, y ∈ X, x 6= y and g ∈ G such that x ∈ Xg and y /∈ Xg. Then g ∈ pi(x) \ pi(y). The
rest of the proof is analogous to that of Theorem 5.1. 
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Observe that Theorem 5.3 is not useful for global actions, however there are interesting examples
of partial actions where it can be applied as we show next.
Example 5.4. Let X = {0, 1}Z and h : {0, 1}Z → {0, 1}Z be the shift given by h(x)(n) = x(n+ 1).
Consider the usual global action of Z on X given by h : Z×X ∋ (n, x) 7→ hn(x) ∈ X. Let W = {x ∈
X : x(0) = 0} and m be the induced partial action on W. That is,
Wn = W ∩ h
n(W) = {x ∈ X : x(0) = x(−n) = 0},
and mn : W−n ∋ x → h
n(x) ∈ Wn, for n ∈ Z. Observe that W is a clopen subset of X and thus
it is compact. We will show that the family {Wn}n∈N separates points. Let x, y ∈ W with x 6= y
and k ∈ Z be such that x(k) 6= y(k). W.l.o.g we assume that x(k) = 0 and y(k) = 1. Then
h−k(x) ∈ W and h−k(y) 6∈ W. Thus x ∈ Wk and y 6∈ Wk. Let pi : W → {0, 1}
Z be as in the
proof of Theorem 5.3. Notice that Zx = {n ∈ Z : x(n) = 0}, for each x ∈ W, and Y be the
saturation of pi[W] by the global action of Z on X, then Y = Z · pi[W]. Thus Y = {0, 1}Z \ {∅}.
Therefore pi[W] = {A ∈ {0, 1}Z : 0 ∈ A} is an open subset of Y and thus Y is homeomorphic to
the globalization WZ by [15, (2) Theorem 3.13].
Acknowledgment: We are very thankful to the referee for all his (her) comments that improved
the presentation of the paper and, in particular, for an observation he (she) made which clarified
Theorem 3.3.
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